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After a new tortoise coordinate transformation is adopted, the entropy and non-thermal
radiation of an arbitrarily accelerating charged black hole are discussed as an example
of non-stationary black holes. The same cut-off relation is chosen as static case, which
is independent of space-time, and then the entropy of the non-stationary black hole is
also proportional to the area of its event horizon. Meanwhile, the crossing of the particle
energy levels near the event horizon is studied, the representative of the maximum value
of the crossing energy levels is the same as the usual tortoise coordinate transformation.
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1. INTRODUCTION

Since Bekenstein suggested that the entropy of a black hole is proportional
to its surface area, the related research work has got much progress (Bekenstein,
1973; Hawking, 1975). The brick-wall model suggested by ‘t Hooft (1985) has
been studied extensively for its relation to the statistical explanation of black hole
entropy. Recently, the brick-wall model is improved to the thin film model (Li and
Zhao, 2001). Adopting the usual tortoise coordinate transformation, in process of
calculating the static or stationary black hole’s entropy by the thin film model, the
cut-off relation become more simpler. However, in the non-stationary black hole
space-time, the cut-off relation is very complicated, and it varies with the space-
time if we want to keep the Bekenstein—-Hawking entropy is proportional to the
area (He et al., 2002). In this paper, using a new tortoise coordinate transformation
(Yang, 2003), we calculate the entropy of an arbitrarily accelerating charged
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black hole as an example of non-stationary black holes, successfully simplify
its complicated cut-off relation to a simple one which is the same as the cut-off
relation in static case and preserve the conclusion that the entropy of black hole
is proportional to its surface area. Meanwhile, using the new tortoise coordinate
transformation, we discuss the non-thermal radiation of the black hole and find
that the representative of the maximum value of the crossing energy levels is the
same as the usual tortoise coordinate transformation.

2. METRIC OF ARBITRARILY ACCELERATING
CHARGED BLACK HOLE

Using the advanced Eddington coordinate and adopting (—,+,+,+) signature,
the line element of the arbitrarily accelerating charged black hole is:

ds* = goodv® + 2go1dvdr + 2g0advdf + 2g03dvdg + g2d0* + gyzdp?, (1)

where
2 2 2
g00=—|:1——m—2arc059+Q—2—4aQ——r2(f2+hzsin29):|,
r r r
gon=g0=1 gn=go=r>f, g =go=r'hsin*0,
gn=r" gu=rsin°0,
f = —asinf +bsing + ccos @, h = cotf(bcosp — csing), 2)

m = m(v), Q = Q(v) are the black hole’s mass and charge respectively. a =
a(v) is the magnitude of acceleration, while b = b(v) and ¢ = c(v) describe the
changing rate of the acceleration’s direction. The determinant and non-zero contra-
variant components of the metric are:

g = —r*sin’0, €)
2m 2 2
" =g"=1 gl'=1-""—2arcosf+ Q—2 —4a— cos 0,
r r r
12 21 13 31 n_ 1 33 1
g =g =-f g =8 =-h g =5, g =57 @
r r?sin
The surface equation of event horizon can be written as:
H=HW,r#0,¢) =0, 6)

or

'n Zrh(v’ev (0), (6)
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which should satisfy null surface condition:

0H 0H
w2 28— 0. @)
dxH dxV
From Equations (5) and (6), we have:
0H dor O0H oH or O0H oH or O0H
4o =0, =0, =0 (8)
ar 06 a0 ar dg ap ar dv av

From Equations (4), (7) and (8),we know that the event horizon should
satisfy

2 2 2
1— o 2ary, cosf + Q—2 — 4aQ— cos 0 — 2rpy + 2 frug + 2hrp,
Fn T, rn
r2 r?
+ =0, ©

2620
r rj, sin* 0

where

ar or ar (10)
Trng = | — s T = | — s 1y =\ — .
" 89 r=rp ! av r=rp hw a(ﬂ rF=ry

Define a function as

2 2 2
Firp)=1-— o 2ary cosf + Q—2 — 4aQ— cos 0 — 2rpy + 2 frig + 2hrp,
ry rh ry
2 r2
oyt (1n

2 2 2 )
T, rj, sin* 6

we see F(r;) = 0 is identical with the event horizon Equation (9).

3. TEMPERATURE OF BLACK HOLE

According to Zhu et al. (1994), we can study the Hawking radiation of the
arbitrarily accelerating charged black hole, and get the Hawking temperature. In
the curved space-time, the dynamic equation of Klein-Gordon particle with mass

is:
! 9 ieA, ) | v/—gg" 9 ieA, | © 2p =0 (12)
— | — —ie — — —ieA, — =0,
~—8 \0x# o 88 daxV H
where e is the charge of K-G particle, and A, is the electromagnetic four-vector
produced by the black hole’s charge.
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Using the Lorentz conditionﬁ %(4 /—gg"'A,) = 0 ,we have

1
«/ 8x“

Equation (13) can be expressed by

92 92D RRL0)
11 12
— 42 2
or? + dvor +28 3ran

ad ad P P

+fu +fr f%+fw%+fo¢=0, (14)

<J_ g

)
) — 2ieAMg’“’a—<I> —e?g"™ A AP — 2D =0
xu
(13)
13 a @ 22 aZQ) 33 82613

arag T8 a2 T8

+ 2¢g

where
2 .
fv = - — ZleAl,
-

2 " agll 8g12 ag
= - t@ _— _
5 8 + — or + g% coth + 9 + o0

—2ie(Ag + A1g" + Arg'2 + Asgh),

o

2
Zg"2 4¢P coth —2ie(A1g" + Arg™),
p

2 :
fop=~g" —2ie(A1g" + Asg™),

fo= —ezg’“’AuAv — /L2~ (15)
Now we use a new tortoise coordinate transformation

=————In[r —r,0,9)], vi=v— g
2k (vg, 00, ¢0) . '
0, =0 — 6o, 0 = ¢ — o, (16)
then the Equation (14) become

R N g 2 92
N 5 < A 5 _— T,
2 —r) 32 ouear, 8 T8 %0

13 33 e g" » 33
26" —2 5 _
+(Q2g 8 The) donor, + [ — (&7 Tnoo + & Thyy)

0D »
= forno + fr — forno — foTng 3—r*+2K(V—Vh) v

d

0
+fva + fea

]
+ fw% + fo> ® =0, a7
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where

g =g —2r, — 2810 — 2813”h¢ + 822”1%0 +g33r§¢,- (18)

Comparing Equation (18) with Equation (11), we get

lim g'' = F (ry) = 0 (19)

r—=>rp

As r — ry, (it represents r — r,(vo, 6o, ¥0), v — vo, 0 — 6y, ¢ = @), We
. 2
suppose the coefficient of %to be A, so

511 8'\11 9 1 aAll
A=lim —5 i 2800 Ly, 08 (20)

r—m 2k (r —rp)  rom 2k 2k r>rm Or

Adjusting the parameter « to make A = 1, so

Loo9gt 1 : N PR

=—lim — =+ 2 cosf) — — —— | —acosf-
« 2 r—>r Or r}%(m_‘_ aQ ) ]3 Q +rh9+SiH29 a

2D

Asr — ry, Equation (18) can be reduced to

32<I>+ 920 4B 92 LC 92
or2 AV, 07, 060,07, 09,07,

, D
+(D+12wo)a—=0, (22)
r

*

where
B = lim (2g" — 2g%ryp), (23)
r—ry
C = lim (2g" —2¢%r,,), (24)
r—rp
_ g 20y 2 ag"!
D = lim [— £ <g22rh99 + ¢ gy + — ) + (—g” + 38
rom | =1y r r or
3812 3813 2 22 2 3
=42 )—(= t0 ) rpg — = , 25
+ y: + 20 8 + g"“cotl | rpe ~& Ty (25)
wo = lim[eA 7y, + e(A1g" + Arg™)rig + e(A1g" + Asg™)rn,
r—ry
—e(Ag+ Arg" + Arg"? + Asg")]- (26)

Obviously B, C, D, w, have limited values respectively.
In the vicinity of the event horizon, the solution of Equation (22) can be
written as (Zhao and Dai, 1991)

® = R (r,) e ikt tiksen, 27)
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Substituting Equation (27) into Equation (22), we obtain

azge_r(zr*) +{D —i[2(@— wp) — Bky — Ck,]} 81;::*) =0 (28
The solutions of Equation (28) are
RN = g~iov R = o100 p=Dreti[2w—w0) =Bk —Ch, ]r, . (29)
So the in-going wave and the out-going wave on horizon are
Pin = miwvs pikibtikypr
q)z)u[ — gfiwv*efDr*ﬂ'[Z(wfwo)kaF,kaw]r*eik99*+ik‘p¢* (30)

— e—iwv* r — rh)—D/ZK r — rh)i[2(w—wo)—Bkg—Ck«,]/2k eiky0*+ikw<p*.
We see that @' is not analytic at  — ry, , so we have to analytically extend

it through the lower half complex r plane into the inside of the event horizon and

obtain

im im,

r—r=\lr—rle"" =0, —r)e”

So the out-going wave at r < ry, is

out _ i tikeOitik, . —im P/
O (r <) =e 0 P [(r, —r)e ']

X [(rh _ r)e—in]i[Z(w—wo)—Bkg—Ckw]/ZK

—iwv, ,—Dr+i[2(w—wo)—Bkg—Ck,]r, eik30*+ik¢(p*+iDﬂ/2K

=e e

X eﬂ[Z(wfwg)kagfckw]/Zk. (31)

The probability of the scattered out-going wave is
2

‘ q:)z)ut (}’ > rh) efrr[Z(wfwo)kangkw]/K. (32)

DM (r < 1y)

According to Damour and Ruffini (1976) and Sannan (1998), we get the
Hawking thermal spectrum as

1
Ny, =

= ol —o0)Bke/2—Cky/2]/ksT _ | (33)

where kg is Boltzmann’s constant. This result indicates that the parameter « is
connected with the radiation temperature by

K
T = :
27‘[](]3

(34)
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4. THE DRAGGING VELOCITIES

Introducing a coordinate transformation
R=r—r,, dR =dr — rpydv — rped0 — rp,do, 35)
the line element (1) becomes
ds? = goodv? + 2dvdR + 2802dvd0 + 2803dvdg + §20d0* + §33dp?, (36)
where
8oo = 800 + 27y, 802 = go2 + rnos
803 = 803 + Ty, 8n = g, 833 = g33° 37

From Equation (36), we have

2 (a4 8 8% 2 . g\’
ds” =800 — == — == | dv” + 2dvdR + g5 | d6 + =—dv
8

8n 83 2
g5, \
+ 83 <d€0 + A—dv> ' (33)
833
Obviously, the dragging velocities are
do g d g
Q="=-82 g -f__ % (39)
dv 2% dv 833
Comparing Equations (23), (24) with Equation (38), we obtain
B C
E = (Qa)r—”h ’ 5 = (Q¢)l‘~>rh ' (40)

We see that the parameters B and C in Equations (23) and (24) are concerned with
the dragging velocities on the event horizon.

5. ENTROPY OF THE BLACK HOLE

According to the method suggested by Tian and Zhao (2002), we use the thin
film model to calculate the entropy of black hole. In the thin film model , the black
hole entropy are contribution of the field near the horizon in region rj + & —
rp + € + 8(¢ is the distance from the horizon, § is the thickness). The temperature
is variable with the position or the angles (6, ¢), therefore we must decompose
the region into many small parts: for each part, the region is ry, (v, 6;, ¢;) + & —
(0,0, 0)+e+68,60 =6 +00;,0; =i +A¢;.i =1,2,3,...,n,..., and
we consider that the field is quasi-equilibrium and the statistical mechanics is
valid in each small region.
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The determinant and the non-zero contra-variant components of the metric
(36) are

8 = —r*sin’6, 41)
1 1
~01 222 A33
= 17 R = N
§ & 28 r2sin? @
g2 = _do _ Q. 87 = e _ g
8 833 .
R 2m 2 2
§ =1———2ar,cos0 + = —4a—cosO — 2rp, + 2 frps + 2hrp,
2 2
r r
+ 42)

We see that §!! here is just that in Equation (18) , so we have
ag 11
or

The K-G equation of the metric in Equation (36) is

1 0 ~ v 0 A )
x/_ 8xﬂ leA —88 @—MAV D —pud=0, 44)

where Au is the transformation of A, in the original metric. Supposing ¢ =
e 1EvHiG(R.0.9) with WKB approximation, using Lorentz condition,we get

" () =0, ly=r, = 2k (43)

8" k% — 2[E — Qoky — Quk, + e(Ag + A18" + ArQp + A3Q,)lkg + §20k;
+ 87k — 2e(A1Qp + A28 kg — 2e(A1Q + A3k, + 2eA\E

+e*QAgA | + 29 A1 Ay +2Q,A1 A5 + 8" AT + g A3+ §PAD + 1P =0,
(45)

where kp = 3R, ko = TR o0
The solutions of Equatlon (45) are

G k — 3G,

VE? — 811820k — Ao + 23k, — eAsy 417, 46)

where E' = E — Qqkg — Quk, + € (Ao + A2 + A3Q,) -
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According to quantum statistical mechanics, decomposing the thin film into
many small parts, the free energy of No. i subsystem is given by

s —— [ ap L&) 47
P == PE _ 1’ 47)

0

where I" (E ’) is the number of quantum states with energy less than E’. According
to the quasi-classical quantized condition and thin film brick-wall model, we have

1 0i+A0i Qi+Ag; &+48 &
F(E/):4—3 de/dkw / do / de /k,th+/k,;dR . (48)
T
0i @i 3 e+6

Substituting Equation (46) into Equation (48), and considering that E’> —
887 (ky — eAg)2 + §33(k¢ — efig)2 + u?] > Orestricts the upper limits and the
lower limits of ky, &, so

0;+A0i Qi+Agi &+6

3
() = / @ / dw/(éu)fz(?zzg”)‘%dze

6m?
0 @i 3
3 e+4
_E Al1y—2
dA; | (§7) “dR, 49)
~ 6n?
where [dA; = 99;4-A91 (Z‘+A‘p’ (§22 §3)~12d0d ¢ is the small area on the event

horizon in the No. i subsystem. We rewrite it as AA;.
Substituting Equation (49) into Equation (48),we can obtain

e+48 oo
AR = — 24 [ )R E” dE’ 50
i=—ea [ @) BE _ 1477 (50)
£ 0
As g" (r;,) = 0, we can decompose §'' as g!' = p (v, 7,8, @) (r — 1), s0
oo &+6
AF = 24 E” dE’ / 1 dR  (51)
o 0 et =1 pr(,r,0,0)(r —ry)’
728
~—NAA; .
90p4p* (rn) € (e + 8)
From the relation of the entropy and the free energy of the subsystem
LOAF; 47’ b
AS,-:/S lg=p, = — A A; ) . 52)
ap 908y, p* (ry) € (¢ + 8)
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Considering Equation (43), we have p (r,) = %H |r=r, = 2k, noticing
Bn = 27”, then
1 ) 1
= A A (53)
908, e (e +96) 4
If we choose ¢, § to make
—— =908, 54
fe 1 Bn (54)
we can get
1
AS; = 7 AA;- (55)
So the total entropy of the black hole is
1 1
S = AS; = - AA; = - Ay 56
TessiTensin @

6. NONTHERMAL RADIATION OF THE BLACK HOLE

In the curved space-time described by the line element (1), the Hamilton—
Jacobin equation of the particle with mass w and charge e is (Yang and Zhao,

1993)
aS N
wv [ 72 e 2 _ 0.
g (8x“ eAM) (ax" eAU) +u =0 (57)

Considering the new tortoise coordinate transformation such as (16),we have

_ (08’ _(3S 5 ~
A +4k (r —r,) B + 2k (r—ry)]"C =0, (58)
07y 07y
where
A= =2y, + 8" —28%rp — 2¢"rny + 8%riy + 871, (59)
B=—0w—eAo+ (rmv+ 8" rno + 8"rn — g'") eAr + (8%rno — 8'%) eAs
+ (@7 — ¢ eAs + (87 — ) Py + (¢ — g7 i) Py, (60)
C =2eA 0+ e (2A0A; + g' AT + 28" A1 4> + 2¢P A1 A3 + g7 AT + g7 AF)

— 2e(g"2 A1 + 8P A2) Py — 2e(g A1 + g7 A3) Py + 87 P + g7 P+ 1%,
(61)
oS oS _0S
a0, ' dg.

w = — ) [4

30 (62)
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The solution of Equation (58) is

S 2k (r—ry) B2 (r —ry) (B — AC)>
90 _ _ , (63)
ory A

where S is the Hamilton principal function, and aaj is the generalized four-

momentum, so both S and gTs are real numbers. We can obtain

(B* — AC) > 0 (64)

Because B andC in Equations (60) and (61) are concerned with energy
w , Equation (64) is the equation that the particle’s energy level should be
satisfied.

Supposing D = B + w, E = C — 2¢A,w, Equation (64) becomes

(D — w)* — A(E + 2eA ) > 0 (65)
We select qual sign in Equation (65) ,the solutions are
wt = (D +eAA)) £ 2eAA\D + 2 AAY + AE)?- (66)

This is the Dirac energy level distribution of the scalar particle. @ > w™ is the
positive energy state, and w < w~ is the negative energy state. The state of the
particle with energy ™~ < w < w™ is the forbidden area, and the width of the
forbidden area is

Aw=w"—w =2QeAA D+ 2A2A? + AE):. (67)
Comparing Equation (59) with Equations (18) and (19), we have A|,_,,h =
g“|H,h =0, so
Awl,—,, =0, (68)
@0 =" |y, = @ |rmr, = DI,

= [eAir + e(Ai1g"? + Asg™Irig + e(A1g" + Asg¥Iri, — e(Ag

+A18" + A2g? + Asg Dl + (8" = 87 rh0)r o, (o),
+&" = g n)rn (P (69)

Considering Equations (23), (24) and (26),we get

B (P, C (P,
@ = wo + ( 9)r~>r;, + ( W)r*ﬂh. (70)
2 2
This equation gives us the maximum value of the crossing energy
level of a particle, which is the same as the usual tortoise coordinate

transformation.
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The Hawking thermal spectrum in Equation (33) is
1
e[(w—wo)—Bkg/Z—Ckw/z]/kgT —1

1
T 7 Jlo—(oot Bky/2+Chy /)| /kaT _ |

N, =

Using Equation (41), we obtain

Bk Ck
TH + 55 = 00+ k() + ko (R, 1)

This is the chemical potential. According to the de Brogile relation in the quantum
mechanics

wo +

(Pe)r—wh = hks, (P(p)r—>rh = hk(p, (72)

in the natural unite system .2 = 1, so the chemical potential in Equation (71)
accords with that in Equation (70).

The phenomenon of the crossing of the particle with positive or negative
energy happens near the event horizon, and the maximum value of the crossing
energy levels is . Only if the energy of the particle in the negative energy state,
is higher than the lowest energy of the particle in the positive energy state, it can
radiate out through the forbidden area by tunnel effect. This is the non-thermal
radiation of the black hole.
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